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BAS HEIJNE 

Abstract. Shioda described in his article [6] a method to compute the Lef- 
schetz number of a Delsarte surface. In one of his examples he uses this method 
to compute the rank of an elliptic curve over k(t). In this article we find all 
elliptic curves over k(t) for which his method is applicable. For these curves 
we also compute the maximal Mordell-Weil rank. 



1. Introduction 

Shioda described in [6] a method to compute the Lefschetz number of a Delsarte 
surface. In one of the examples he used his method to compute the rank over k(t) 
of the elliptic surface given by: 

Y 2 = X 3 + at n X + bt m . 

Here as in the rest of the article A: is a algebraically closed field of characteristic 0. 
This rank is bounded by 56 and equal to 56 if and only if m is even and 2m = in 
mod 2 3 • 3 2 • 5 • 7. Later in 7 Shioda used this method to find an elliptic surface 
with rank 68 over k. This is the highest rank known for an elliptic surface over C. 

In this article we will briefly describe the method Shioda used. This method 
works for all elliptic curves over k(t) that can be defined by a polynomial of the 
form: 

3 

(1) f = Yi t a '° X an Y a ' 2 . 

The first theorem that we will prove is: 

Theorem 1.1. Let f be a polynomial over the field k(t). Suppose f defines a curve 
of genus 1 over k(t). This curve is birational to a curve given by a polynomial g 
which also has four terms, and moreover its Newton polygon T(g) is one of the 
polygons from figure 1. 

After the proof of this result we will compute the maximal rank of the elliptic 
curves defined by for all corresponding Newton polygons. This will then lead 
us to the main theorem of this article: 

Theorem 1.2. Suppose E/k(t) is an elliptic curve defined by then rank(E(k(t))) 
68. 
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2. Shioda's method/Delsarte Surfaces 

Assume that / is irreducible of the form ([lj, and / defines an elliptic curve E 
over k(t). 

We consider the surface ScP 3 over k defined by the homogenized polynomial 
F corresponding to /: 

p — j-aaa j£a al Y a 02 £ a 03 _|_ ^a 10 j^an Y a l2 ^ a i3 _|_ fO-w J^a-ll Y a22 Z a23 -\- t asa X"" 31 Y a ' 32 Z"" 33 

Let Af = (ciij) be the matrix consisting of the powers appearing in the polynomial. 
We assume Af to be nonsingular. Then Shioda's method gives us an algorithm 
to compute the Lefschetz number of the surface. We will give a slightly adapted 
description of his method, which appears somewhat more convenient to work with. 
For more details we refer to Shioda's orginal paper [6]. 

Define L to the subgroup of (Q/Z) 4 generated by (1, 0, 0, -lJAjT 1 , (0, 1, 0, -lJAjT 1 
and (0,0,1, -l^T 1 . Define: 

{Vi : a, ¥= and 1 
(ai)i e L : 3t e Z such that Vi, > . 

ord(ta,i) = ord(ai) and Yd=oi ta i} ^ 2 J 

Here ord is the order in the additive group Q/Z and {a^} is the natural bijection 
between [0, 1) n Q and Q/Z. 

Theorem 2.1 (Shioda). The Lefschetz number of S is A = #A. 

Proof: For the proof see [6j. □ 

To obtain a formula for the rank of E/k(t) we use the Shioda- Tate formula: 

rank(E(k(t))) = rank(NS(£)) — ptriv 

Here £/k is the elliptic surface over P 1 with generic fibre E/k(t). (So £ and S 
are birational.) NS(£) is the Neron-Severi group of £ and ptriv is the rank of the 
subgroup of NS(£) generated by all components of fibres of £ — > P 1 , together with 
the 0-section. So ptriv = 2 + ^](m v — 1) the sum over all v e P 1 , and m v is the 
number of irreducible components of the fibre over v. The rank of NS(£) is denoted 
by p and can be computed using the formula 

p = h 2 — X. 

Here h 2 is the second Betti number of £. So we have 

rank(E(k(t))) = h 2 — A — ptriv 
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3. Genus calculation. 

To see which / defines a genus 1 curve, we describe a method which calculates 
the genus for a given / as in @. To do this we will first need three definitions: 

Definition 3.1. An integral polygon is the convex hull of a finite subset ofL 2 . 

Definition 3.2. Take f = J\ b ^ eS a^ a ^X a Y b in the ring of Laurent polynomials 
^X- 1 , Y- 1 ], with all ct( at b) =(= an d S a finite subset of Z 2 . Define the Newton 
polygon, r(/), of f as the convex hull of S. 

Definition 3.3. Take f = T*( a ,b)eS a (a,b}X a Y h e fc[X ±1 ,y ±1 ]. For every edge, 

7, of the Newton polygon define / 7 = J]( b)eSr,i a (a,b)X a Y b . We say that f is 

d f 

nondegenerate with respect to its Newton polygon if for every 7 we have / 7 , 
and generate the unit ideal in k[X- x , Y- 1 ]. 

Note that / is nondegenerate with respect to its Newton polygon if all / 7 only 
have simple roots. 

We now give the following theorem. 

Theorem 3.4. Let f(X,Y) e k[X^ ,y ±r ] be absolutely irreducible. Then the 
curve C defined by f has genus 

g ^{integral points in the interior ofT(f)}. 

Equality holds if f is nondegenerate with respect to its Newton polygon and the 
singular points of the projective closure of C in P 2 are all among (0:0:1), 
(0:1:0) and (1 : : 0). 

Proof: See [Tj Theorem 4.2] □ 

Lemma 3.5. Let C be the projective closure in P 2 of a curve over k(t) defined by 
a polynomial f as in Assume that Af is nonsingular. Then C does not have 
singular points outside the points (0:0:1), (0:1:0) and (1:0:0) over k(t). 

Proof: The curve C is given by the polynomial: 

3 

j _ ^ ^o»o J^oti yo«2 ^m— an — 0,2 _ Q 
i=0 

where m is a positive integer. Since Af is nonsingular we can see that: 

I a 00 001 a 02 m — a i — a 2 \ 

a%o an a\ 2 m — a\\ — a\ 2 

a 2 o O21 a 2 2 m- a 2 \- a 22 

\ a 30 031 a 32 m — 031 - a 32 / 

is likewise nonsingular. 

We claim that there exist a, b\, b<x, 63 e Z with the following property. With 
s e k(t) satisfying s a = t, the map (X : Y : Z) -> (s bl X : s b2 Y : s ba Z) defined over 
k(s) 3 k(t) defines an isomorphism from C to C, Here C is the curve given by: 

3 

j ._ s <nj£aoiY a 02 gm— a 01 — a 02 _j_ ^ j£ a, > 1 Y a ' i2 



D 



77n—an—ai2 

i=l 

for some n e Z 
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The proof of this claim is an excercise in linear algebra, as follows: we look for 
a, f3, 7 e Q such that 

(t a X^"" il (t^Y) ai2 (t^ Z) m ~ ail ~ a ' 2 = f a ia x a nY ai2 z m ~ ail ~ a ' 2 

for i = 1,2, 3. This means that v = (a, f3, r y) T is a solution of 

(oio 
«30 

in which B\\ is the submatrix of B obtained by deleting the first row and the first 
column. Since by assumption det(i?i i i) J= 0, the solution v exists and is unique. 

Let B\ the the first column of B and B' the matrix obtained by deleting the first 
column of B. Then since B is nonsingular we find B'v B\. This means precisely 
that n ¥= 0- Now by taking a a multiple of the denominators of v and of correct 
sign we can ensure that n is a positive integer. 

To prove the lemma, it suffices to prove that C has no singular points outside 
(1 : : 0), (0 : 1 : 0) and (0:0:1). Assume (x : y : z) is a singular point on C. 
Write w = s n x am y a ° 2 z ™-aoi-a 02 and w . = x a ily a i2 z m-a tl -a t2 for i g {1,2,3} and 

W = (w ,Wi,W2,W 3 ). 

Note that wB' = 0. Now there are two possibilities. The first possibility is 
that Wo = 0. Since det(i?i i i) # this implies w = (0,0,0,0). This implies that 
(x : y : z) is one of (1 : : 0), (0 : 1 : 0) or (0 : : 1). 

If w # we can assume uj = 1. Since det(Bi j i) ^ we now find that w e Q 4 . 
Again using that the last three rows of B are linearly independent this gives that 
x, y, z are algebraic over Q. This contradicts the fact that vq = 1 and n > 0. 

□ 

Lemma 3.6. Let f be as in £7J). Assume thatdet(Af) 0, then / is nondegenerate 
with respect to its Newton polygon. 

Proof: For any edge 7 we find / 7 has either two or three terms. Four terms on 
one edge is not possible, since then det(Af) = 0. The case where / 7 has only two 
terms is simple, since char(fc) = 0. 

We will only do the case where / 7 has three terms. Without loss of generality 
we can assume that / 7 = X a + Y b + s «x Aa r( 1 - A ) b , where s a root of t. Here n 
is nonzero, since otherwise det(^4/) = 0. Define 77 = X a /Y b . Now we assume that 
a 0, then = and / 7 — ^ 4^ = gives: 

v + AsV = 

1 + (1 - A)sV = 

Since s is transcendental over k this has no solution. □ 

Combining the previous two lemma's with the result on the genus gives the 
following theorem. 

Theorem 3.7. Let C be a curve over the field k(t), defined by an absolutely irre- 
ducible polynomial of the form given in |7p. Also assume that det(Aj) , then 
the genus of C equals the number of interior lattice points of its Newton polygon. 
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4. The forms of the Newton polygon 

In this section we will define the concept of equivalent polygons. We will use 
this to give a result on equivalence of elliptic curves. 

Definition 4.1. We call two polygons A,B integrally equivalent if B is the image 
of A under a linear map given by a matrix in GL^ifZA possibly composed with a 
translation. 

Note that being integrally equivalent is an equivalence relation. 

If / e k[X, Y] is irreducible and / $ k ■ X u k ■ Y , then T(f) has at least one point 
on both the x and y-axis. Furthermore T(f) is contained in the first quadrant. Any 
integral polygon can be shifted in a unique way such that it satisfies these criteria, 
i.e. it is contained in the first quadrant and it has a point on each of the axis. We 
shall consider this to be the default position of the polygon. 

Proposition 4.2. Let f(X,Y) = J\ b)es a (a,b)X a Y b be a bivariate polynomial 
over a field, defining an irreducible curve C . Assume that all oti a ,b) ^ 0. Given a 
polygon A, in default position, integrally equivalent to the polygon T(f), then there 
exists an irreducible bivariate polynomial g(X,Y), such that A = T(g). Moreover 
the coefficients of f and g will be the same and the curves defined by f and g will 
be birationally equivalent. 

( k I \ 

Proof: Let M = ( J be the matrix such that MT(f) is a shift of A. 

Define g(U,V) = U x V^^ {a ,b)eS a (a,b)U ak+bl V am+bn . Here A and fi are so that 
T{g) is in default position. By definition g has the same nonzero coefficients as /. 
The birational equivalence between the curves given by g and / is defined by: 

: Z(g) — ► Z(f) 

(17, V) — > (U k V m ,U l V n ). 

□ 

It is a well known result (see pQ and U) that up to integral equivalence there are 
exactly 16 polygons with exactly one interior point. Four of these polygons have 
more than 4 corners. This gives the final result |1.1| 

5. An EXAMPLE 

In this section we present one example of a computation of the rank. For the 
other families of elliptic curve we will provide less details. The methods employed 
will remain the same however. 

We will consider the elliptic curves over k(t) that are defined by a polynomial of 
the form: 

f = t a + (t b + t c )X 3 + t d Y 2 = 0, 

where a, b, c, d are integers > with c > b. We want to find the maximal rank that 
occurs in this family. 

Let E be the curve defined by / and E' the curve defined by: 

f 6a + y&b + t ^ X 3 + f 6d Y 2 = q 

Then we have a natural monomorphism <f> : E(k(t)) — > E'(k(t)), defined by 
4>(x(t),y(t)) = (x(t 6 ),y(t 6 )). In particular we find the rank of E(k(t)) is at most 
the rank of E'(k(t)). So we will restrict ourselves to computing the rank of E'. 
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Divide the equation of E' by t 6a and define £ = t 2(b - a >X 1 n = i 3 ( d -«)y and 
n = 6(c — b). Then we see that E' is isomorphic to the curve E defined by: 

/ = 1+ (1 + t")^ 3 + jj 2 = 0. 

So we only have to determine the maximal rank for curves of this form. Note that 
for all to > there is an injective map: 

E(k(t)) — » E'(k(t)), 

Here E' is the curve given by: 



1 + (1 + t nm )f + n 2 



0. 



From this we see that without loss of generality we can assume that m\n. 

We will compute the Lefschetz number using the technique from Shioda. To do 
this we first homogenize /. This gives: 

i^n+3 _j_ rpn _j_ j^3 _j_ y2 gn+1 



F : 



Then we compute the matrices A and A 1 . 



/ n+3 

3 

3 n 

\ 2 n+1 



\ 
n 

/ 



and A 



V 



3(n+3) 
n+1 
' 2(n+3) 
1 

n+3 
n+3 



\ 

1 

2 


o / 



By definition L is the supgroup of (Q/Z)* generated by 

1 1 n + 3 
3 ' n ' 3n 
1 111 



W2 



(1,0,0,-f)^- 1 = 



(- 



w 3 



(CO,!,-!)^ 1 = (0, 



n n 2 
1 1 



,0), 
). 



n n 



;,0). 



By inspecting these generators we see that L is also generated by: 

V\ = W\ — w 3 



/I 1 X 

(-3,0,3,0), 



V 2 = W 2 - W3 



(0, 



1 1 



n n 



,0). 



V3 = w 3 

We see that L consists of elements of the form w 3 , v\ + W3, 2v\ + iv 3 , V2 + iv 3 , 
v\ + V2 + z^3 and 2t>i + U2 + ««3- For each form there are exactly n elements. To 
compute A we have to find out which of these elements lie in A. 

Elements of the form iv 3 ,vi + iv 3 and 2v\ + iv 3 do not lie in A, since they all 
have zero as their last coordinate. 

An element of the form V2 + iv% does not lie in A. If i = this follows from the 
fact that the second and third coordinate are zero. If i then this follows from 
the the fact that we can compute for all t with (t, 2n) = 1: 

, ti , , ti } 
n J 



{-} + {" 



2. 
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We will now determine when v\ + v 2 + W3 e A. Take j, to e Z^o such that 
j/m = i/n and (j,m) = 1 and write v\ + v 2 + W3 = (g,— 5 + ^1 §)• The 
condition {|} ^ 0, {-^} # 0, {| + ^} ^ and {|} ^ is satisfied precisely when 
j ¥=0 and -i ^ f . 

J m 3 

In all other cases we have t>i + i>2 + i«3 6 A if and only if there exists a t such 
that (i, 6m) = 1 and 

{|} + {"-} + {| + -} + {|}^2. 
m 3 to I 



It is easy to compute, if j ^ and ^ 



;|} + {--} + {| + -} + {|] 

TO O TO 2 



2 . 



1 if t = 1 mod 6 and {^} > § 

2 if t = 1 mod 6 and W\ < \ 

3 ift = 5 mod6and{^}<± 

1 m i 3 

2 ift = 5 mod 6 and { tJ -\ >± 



3 

By considering a pair +t, this means that v\ + v 2 + iv% 6 A if and only if {^} < | 
for some t = 5 mod 6, with (i, 6to) = 1. We now distinguish between the various 
possibilities : 

• The case to ^ 3 is easy and leads to (vi + v 2 + iv 3 ) ^ A. This happens 
precisely when i e {0, n/2, n/3, 2n/3}. 

• Assume to > 3 and 3 \ to or j = 2 mod 3. Then i e Z exists with 
t = 5 mod 6 and t = j^ 1 mod m. For this t we find {^} < |, hence 
(vi + v 2 + W3) e A. 

• In the case that to > 3, 3|to, j • = 1 mod 3, assume moreover that there 
exists a c = 2 mod 3, with (c, to) = 1 and {^-} < ~. We can find t = 5 
mod 6 such that t = cj^ 1 mod to. For that t we have {^} < |. This 
means («i + v 2 + TO3) e A. This happens for all to > 3 except when 
to e {6, 12, 30}, as is shown in lemma 5.1 below. 

• The final case is to > 3, 3|to, j = 1 mod 3 and there exists no c = 2 
mod 3, with (c, to) = 1 and {^} < |. Assume that v\ + v 2 + W3 e A. 
Then t = 5 mod 6 exists, coprime to 6to such that {^} < ^. Hence 
c = satisfies c = 2 mod 3, gcd(c,m) = 1 and {^} < |, contrary to our 
assumption. 

So in this case we find (vi + v 2 + W3) ^ A. By the following lemma, this 
final possibility for to and j happens only if to e {6, 12, 30}. In other words 
onlvifiel- — — — — — —\ 

Lemma 5.1. 6, 12 and 30 are the only integers n > 3 with the property that there 
does not exist a prime p = 2 mod 3 such that 3p < n and p \n. 

Proof: If n satisfies this property then it can be written as n = Kpip 2 . . . p t , 
with the pi all primes with pi = 2 mod 3 and ipi < n. Order the pi such that 
Pi < Pi+\- We construct the number N = 3pi . . .pt-i + Pt and see that it has a 
prime p = 2 mod 3 dividing it, with p =|= pi. If n > 51 we find: 

3 1 3 11 

p/n ^ N/n = 1 ^ 1 < -. 

p/ 1 Kp t K Pl ...p t ^ 17 2-5-11 3 

This means ip < n, but p is not any of the pi, a contradiction. So if n satisfies the 
conditions of the lemma we have n ^ 51. Checking the lemma for n ^ 51 is easy. 

□ 
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The cases v\ + v-i + iv^ and 2vi + + iv% are similar, since —{v\ + V2 + if 3) = 
2vi + V2 + (n — i)vz and the fact that v e A — v e A. 

To ensure that all the special values i e {0, §, §, ^, §, g, gf, ^ , ^} 

encountered in the calculations are actually integers we assume that 60|n. In that 
case we find A = 2n — 22. 

To compute the rank of the curve we still have to compute both the ptriv and 
h 2 . Both of these we will compute for the curve in short Weierstrass form. Define 
fj = (1 + t n )rj and £ = (1 + then we get the formula: 

if + i 3 + (1 + ef = 0. 

Here we use theory explained in [5] to show that the second Betti number is h 2 = 
An — 2. We also compute: 

A = -432(t™ + l) 4 . 
J = 0. 

From this we see that the elliptic surface has n singular fibres of type IV at the 
roots of t n + 1 = and no other singular fibres. So we find p tr iv = (2n + 2). For 
details on the roman numeral notation see [S] or [5]. 
Combining these facts gives: 

r = h 2 - A - ptriv = 4n - 2 - (2n - 22) - (2n + 2) = 18. 

This concludes the example and we find that the rank of E over k(t) is ^ 18 and 
it equals 18 when 60|rt. 

6. Results 

The following table is a complete list of all integer polygons with exactly one 
interior point and at most four corners, up to equivalence. For each polygon we 
give a list of curves over k(t), such that any elliptic curve with Newton polygon 
equal to the given one can be injected in one of these curves. As a consequence we 
create 42 families of elliptic curves over k(t). Any other Delsarte elliptic curve over 
k(i) can be injected into at least one of the 42 families. 

Note that there is a choice in the contruction of this table. In most cases the 
term t n could be placed in front of another term of the formula defining the curve. 
The choices made are partially arbitrary and have partially been motivated by ease 
of computing the rank. 

The computations done to fill this table can be found in the two appendices. 



Picture 


Name 


Form with maximal rank 


Maximal rank 


Occurring for n 




K a 
K b 
K c 
K d 
K e 

E 1 ? 

n 

E lg 

n 


1 + t n + X' A + Y 2 
1 + t n X + X 3 + Y 2 
1 + t n X 2 + X 3 + Y 2 
\ + {l + t n )X 3 + Y 2 

t n + Y + X 3 + Y 2 
1 + t n XY + X 3 + Y 2 
I + X 3 + (I + t n )Y 2 


68 
56 
9 

18 
68 
9 

4 


360 
840 
20 
60 
360 

10 

6 
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Picture 



Name Form with maximal rank 



El c 
El d 
E 2 J 



(1 + t n )X + X 3 + Y 2 
t n X + X 2 + X 3 + Y 2 
X + (1 + t n )X 3 + Y 2 
t n X + XY + X 3 + Y 2 
X + X 3 + (1 + t n )Y 2 



Maximal rank 



~Ef 
Ef 
El c 
E 3d 



(1 + t n )Y + X 3 + Y 2 

Y + (1 + t n )X 3 + Y 2 

Y + X 3 + (1 + t n )Y 2 

Y + t n XY + X 3 + Y 2 



24 
3 

24 
3 
G 



~EfT 
Ef 
Ei c 
E\ d 
Et e 
E 4 J 
E 4 J 
Ef 



1 + t n + X 4 + Y 2 
1 + t n X + X* + Y 2 
t n + X 2 + X* + Y 2 
1 + t n X 3 + X 4 + Y 2 
l + (t n + 1)X 4 + Y 2 
1 + t n Y + X A + Y 2 
t n + XY + X 4 + Y 2 
1 + t n X 2 Y + X 4 + Y 2 
1 + X 4 + (1 + t n )Y 2 



18 
18 
18 
1 



El a ~ 1 + t n + X 3 + Y 3 
1 + t n X + X 3 + Y 3 

E 5 n c 1 + t n X 2 + X 3 + Y 3 

E 5 n d 1 + (1 + t n )X 3 + Y 3 

El e 1 + t n Y + X 3 + Y 3 

E%f 1 + t n XY + X 3 + Y 3 

E h n 9 1 + t n X 2 Y + X 3 + Y 3 

E 5 n h 1 + t n Y 2 + X 3 + Y 3 

El 1 1 + t n XY 2 + X 3 + Y 3 

E b J 1 + X 3 + (1 + t n )Y 3 



24 
56 
3 

56 
24 
24 
3 

24 
6 



18 
68 
68 
18 
68 
1 

68 
68 
68 
18 



E 6 



t n X 2 + Y + x 3 + Y 2 



El t n X + Y + X 3 + Y 2 



56 



El 1 + t n X 2 Y + X 3 + Y 2 



56 



El t n + X 2 Y + X 2 + Y 2 



Eh° t n X + Y + X 2 Y + XY 2 



E 



li 



t n + XY 2 + X 3 + yl 



t n + X 2 + Y 2 + X 2 Y 2 



18 
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Appendix A. equivalence 

Before we proceed to compute the rank of the elliptic curves in the above table, 
we give some criteria explaining why the ranks of certain elliptic curves are the 
same. 

First of all if there is an isogeny between two curves E\ and E 2 then the ranks 
of the two curves will be the same. 

Secondly if two elliptic curves E\ and E 2 are defined over a field k(t) and there 
is a fc-linear automorphism 4> : k{t) —> k(t) bijecting the points of E\ to Ei then 
these two curves will have the same rank. 

Of course sometimes a combination of these two methods can be used to show 
that two curves have the same rank. In this appendix we will use these methods 
to show why certain families of elliptic curves in our table have the same maximal 
rank. 

Definition A.l. As a matter of terminology, we will say that two curves are k- 
isogenous (respectively fc -equivalent,) if they are isogenous (respectively isomorphic) 
after a k-linear automorphism. 

A.l. la. Here we explain the relation between the families of curves E^ a , E^ e , E^ b , 
E 5c E 5e E 5g E 5h and E 5i 

Permuting homogeneous coordinates X, Y, Z gives isomorphisms between the 
families described by Ef, E* c , E b n e , £ ? 5 /, E^ h and E™. 

A short Weierstrass form for the curves E^ e is 

1 - 4t n + f + rf = 0. 

The field automorphism defined by t — > \J— At brings this precisely in the form 
described by E^ a . We conclude that the curves E^ a and E* e are fc-equivalent. 

Using the isomorphism given by V = V3 X ^ Y + and U = X ~^ Y we see 
that the curve Ej~ is isomorphic to the curve given by: 

v 2 + u 4 + \t n u 2 + \u- \-t 2n = 0. 

2 2 48 

Using ideas described in [21 Ch. 8 ] one finds that this curve is isomorphic to the 
curve given by: 

if + £ 3 + 1 + ^-t 3n = 0. 
' 27 

The field automorphism defined by t — > 3 y / 4/27i brings this precisely to the curve 
E^. From this it follows that E\^ and E^ b are fc-equivalent. 

We conclude that the curves E^, E\l, E* b , E b n c , E^ e , E%>, E^ h and are all 
fc-equivalent, and hence have the same rank. 

A.2. lb. Here we show that E^ b , E^, E^, E\ n and E% n are fc-equivalent. From 
this we can conclude that these families of curves have the same maximal rank. 
The short Weierstrass form of E^ is 

1 + ~^t n £, + C 3 + V 2 = 0. 
y-4 

The field automorphism defined by t — > (— 4) 2 /( 3 ™)i brings this in the form described 
by E%. 
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Using ideas from j2j Ch. 8 ] we find that the curve E^ b is isomorphic to the one 
given by: 

^ + t»(i-l) ^ + { + e = Q 

After a field automorphism this gives exactly the curve E^. 

The curve of the form E^ b and E^ d are isomorphic by the isomorphism (A, Y) — > 

The curve E\ n is isomorphic to the curve given by: 

j-4n 

r, 2 + l+e 3 -^ 4 = 0. 
There is a field homomorphism bringing this precisely to E^ d . 

A. 3. lc. We will show that the curves -E^ni E^f and i?|„ are fc-equivalent. 
The curve E^f is isomorphic to the curve given by: 

rj 2 + 1 + - |t 2 "£ 2 = 0. 

There is a field homomorphism bringing this curve precisely to E\^. Likewise there 
is an isomorphism from E^ to the curve given by 

r] 2 + 1 + <f + ^=4i™£ 2 = 0, 

and there is a field homomorphism sending this curve to E^ c . 

A.4. Id. We will show that the curves E^ d , E^ a , Ef, E^ c , E* a , E^ d and E%> are 
isomorphic. 

Permuting A, Y, Z gives isomorphisms between the curves E^ a , E^ d and E^ . 
Likewise the curves E^ a , E^ b and E^ c are isomorphic by the morphisms: (X, Y) — * 
(A, (1 + t n )Y) from E* c to Ef, and (A, Y) -> ((1 + t n )X, (1 + t n )Y) from Ef to 

E 3a 
n 

There is a isomorphism from E* b to E\ d given by (A, Y) -> (y/^iX, \f^l(2Y + 
!))• 

Using ideas from [2j Ch. 8 ] we find that the curve E^ a is isomorphic to E^ d . 

A.5. 2a. We will show that the curves £f£, £f£, £f£, Eftf and E* h are fc- 

equivalent. 

The curves E 2a and -E 2c are isomorphic and the isomorphism from E 2a to E 2c 
is given by (X, Y) — > (j^, The curves and E^ are also isomorphic, with 
isomorphism given by (X, Y) — > (j, Ay). The curves E^ and -E"^ are likewise 
isomorphic, with isomorphism given by (A, Y) — > (i, w)- 

Using [H Ch. 8 ] we bring in short Weierstrass. This gives the curve E 2a . 
So these two forms are also isomorphic. 

The curve E^/ can by taking (A, Y) — * (A, Y + |t") be brought to the form: 

£ 4 + r? + 1 - -i 2n = 0. 
4 

There is a field homomorphism bringing this precisely E^- 
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A.6. 2b. We show here that the curves E 2b , E 2d , E^ c , E^ 9 and E% are fc-isogenous 
and hence have the same rank. 

The curve E 2d is isomorphic to the curve defined by: 

rj 2 + £ 3 + £ 2 + 16f l £ = 0. 

There is a field homomorphism sending this curve to E 2b , so E 2 ^ and E 2b are 
fc-equivalent. 

There is an isogeny from E* 9 to E 2d given by: (A, Y) — » (X 2 ,XY), so these 
two curves are isogenous. 

There is an isomorphism from E^ 9 to the curve given by 

J) 2 + £ 4 + £ 2 + 16*" = 0. 

There is a field homomorphism sending this curve to E^ c . 

Likewise there is is an isomorphism from E^ to the curve given by 

rj 2 - V + e + = o. 

There is a field homomorphism sending this curve to E^ c . 

A. 7. 2e. The curves E 2e and are isomorphic. An isomorphism from E^ to 
E% is given by: (X,Y) - , (x ^ )2 ). 

A. 8. 3d. There is an isogeny from t0 £3d 

given by (X, Y) — » (AY", Y" 3 ). Hence 

the curves E*f and £ 3d are isogenous. 

A. 9. 10. There is also an isogeny from E 12 to E™, given by (A, Y) (XY^ 1 , XY), 
hence the curves E^° and E^ 2 are isogenous. 

Appendix B. Calculation of the ranks. 

In Appendix A we found a number of families that for various reasons have the 
same maximal rank. Here we will use Shioda's method to calculate these ranks. 

B. l. la. From Appendix A we know that the curves E%°, E™, E^ c , E^ e , E%> , 
E^ h and E^ are all fc-isomorphic to a curve E$£. In particular that means that 
these families all have the same maximal rank. We will give the computation of 
the maximal rank of a curves in the family E^ a . 

The maximal rank of this family was already computed by Shioda [7 in 1992. 
More details about this curve were computed in [TU] and [3] in 2000. We will repeat 
their results here out of a sense of completeness. The curve E^ a is defined by: 

/ = l + t n + A 3 + Y 2 = 0. 

This is already in short Weierstrass form, with 

A = -432(1 + t n ) 2 , and j = 0. 

The corresponding elliptic surface has a smooth fibre at t = oo precisely when 6|n. 
For the rest of this calculation we will assume 6|n. In this case the surface has 
precisely n singular fibres of type II. This gives pt™ = 2. We have that the second 
Betti number h 2 = 2n — 2 

Shioda's method can now be used to find A. We find the vectors generating L: 

«i = (-J,o,i,o), v 2 = (-I,o,o s i), v 3 = (-,--,o,o). 

3 3 2 2 n n 
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It can easily be shown that iv3,iv3 + Vi,ii)a + 2v%,iv3 + vi ^ A. We will now 



determine when iv& + v\ + vi is an element of A. Write t(it>3 + v\ + V2) 
f,|,|). Herei = i-§. Compute: 



(3l _2l . 
^ m ' m 



m 1 



m 



t5 . 



if t : 

if t. 

if t E 

if t: 



mod 6 and {—} 
mod 6 and {^1 
mod 6 and {^j 
mod 6 and { — ] 



>^ 
<l 
>§ 



This means that iv^ + Vi + V2 ^ A precisely when either m ^ 6 or m > 6 and 
there does not exist a j' = 2 mod 3 such that (j',m) = 1 and {^} < |. The 
only m for which this happens are 1,2,3,4,5,6,9,12,18,24,30,60. For elements 
W3 + 2v\ + V2 G L we get a similar result. This gives that A is at least 2n — 72, with 
cquallity if 360|7i. 

We can now compute the maximal rank: 

r = h 2 



68. 



Ptriv = 2n — 2 — (2n — 72) 

B.2. lb. In Appendix A we found that the curves E\ b n , Ef nl E$*, E 7 2n and E* 
are all fc-equivalent. This means that the maximal rank of these families of elliptic 
curves will be the same. We will give the details of the computation of the maximal 
rank for the family E^ b . Note that this example has already been treated by Shioda 
in 0. 

A maximal curve will be of the form: 

/ = 1 + t n X + X 3 + Y 2 = 0. 
This is in short Weierstrass form so we can easily compute 

,3n ■— • • * l 



64t an - 432, and j = 1728- 



4t 3n + 27' 

From this point we will assume 4|n so that the corresponding elliptic surface has a 
smooth fibre at t = 00. The surface has 3n fibres of type Ii and no other singular 
fibres. This gives ptriv = 2. The second Betti number can also be determined as 
h 2 = 3n - 2. 

We use Shioda's method to find A. Homogenizing / gives: 



+ T n X + X 



\ _|_ ^2 



0. 



From here we can compute the vectors generating L: 

2 1 1 

1 3n ' n ' 3n ' 

We easily find that iv 2 $ A. For iv2 + V\ we write t(iv2 + «i) 



''1 



-.0,0,1), V2 



(: 



;,0). 



( 2 i* 3 i* 



3t 
4 ' 



it 



), where 



3t, 
"4 J 



.'!// 



to 4 J 



Now compute 



if 1 1 
iff: 

if t; 

if 1 1 
if f i 
if * 5 
if i i 
if t ; 



mod 4 and 
mod 4 and 
mod 4 and 
mod 4 and 
mod 4 and 



< 



j_ 

12 

12 tiri) 

— < l M l 
1n X m> 



12 

*- m - 
ftj- 



12 
1 

2 



mod 4 and \ < {^} < 
12 



mod 4 and 
mod 4 and 



< 



< 



12 
11 
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From this we can see that that W2+V1 $ A precisely when either m e {1, 2, 3, 4, 5, 6, 8, 10, 12} 
or j = 3 mod 4 and m e {20, 28, 36, 60, 84}. This gives that A is at least 3n - 60, 
with equality if 840 \n. 

Combining the results gives (for 840 |n) that: 

r = h 2 - A - ptriv = 3n - 2 - 2 - (3n - 60) = 56. 



B.3. lc. Earlier we proved that the curves £v/ and £f„ are fc-equivalent. 

To find the maximal rank of these families of elliptic curves it suffices to find the 
maximal rank of the family of curves E^ c . 
The curve E lc is given by: 

/ = 1 + t n X 2 + X 3 + Y 2 = 0. 

Bringing this to short Weierstrass gives: 

V 2 + e - -yt + 1 + ^t 3n = 0. 



and wc find 



-64t 3 " - 432, and j = 

J U 3n + 27 



For the rest of this calculation we will assume that 2\n, so that the only singular 
fibres of the corresponding elliptic surface are 3n fibres of type T and one of type 
I 3 „. From here we see that p triv = 1 + in. We can also compute the second Betti 
number h 2 = Qn — 2 

We use Shioda's method to find A. Homogenizing / gives: 

z n+2 + T n x 2 + ^3 + y2 ^ = q 

From here we determine the generators of L: 

Wl = ( 4' ' '^ Wa = ( ^'-^' 0) - 

We trivially find that iv2 A. For iv 2 + v\ we write t(iv2 + v\) = — 3^ + 
S,2g,|). Here i = 4-1. We compute 



<£> + <- s £ + 5> + < J s> + <M ? ;r<$H 



1 if {^} < i 

*■ m > 6 

1 

3 if | < {'- 

6 i 



This means that iv 2 + t>i A precisely when m e {1, 2, 3, 4, 5, 6}. This gives that 
A is at least 3n — 12, and equality holds if 20 |n. 

Combining the results gives, for 20|n that the rank is: 

r = h 2 -\- Ptriv = 6n - 2 - (3n + 1) - (3n - 12) = 9. 



B.4. Id. We already found that the curves E^ d , E 3a , E 3b , E 3c , E* a , E™ and E%> 
are k- invariant. In the example we already computed the maximal rank of the curve 
El d and found r = 18. 
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B.5. lg. We will now compute the maximal rank of the family of curves E^ 9 . The 
curve E] 9 is given by: 

/ = 1 + X 3 + (1 + t n )Y 2 = 0. 
Bringing this is in short Weierstrass form gives: 

t? 2 + C 3 + (1 + t n f = 0. 

And we can compute: 

A = -432(r + l) 6 , and j = 0. 

For the rest of the calculation we will assume 2\n. In that case the corresponding 
elliptic surface has exactly n singular fibres of type Iq and no other singular fibres. 
From this we find ptriv = 2 + 4n. The second Betti number can also be found 
h 2 = 6n - 2. 

We use Shioda's method to find A. Homogenizing / gives: 

z n+2 + ^3 Z «-1 + y2^n + ylrj^n = q 

This gives generators for L: 

«i = (-\,\,0,0), v 2 = (-^,0,^,0), v 3 = (0,0,-,--). 

It can easilly be seen that iv 3 ,v\ + iw 3 ,2wi + iv 3 ,V2 + iv$ $ A. We will now 
determine when ^1 + ^2 + W3 e A. Write t(v\ + v 2 + iv 3 ) = (— if > §> 5 + ^) ~ m)' 
where j and m are minimal such that j/m = i/n. Compute 

iit=l mod 6 and {^} < ± 

ift=l mod6and{^}>± 

ift = 5 mod6and{^}<i 

if t = 5 mod6and{^}>± 

This means that v\ + V2 + iv 3 $ A precisely when me {1,2} or when m e {3, 6} 
and j = 1 mod 3. For 2vi + v 2 + iv 3 we get a similar result. This gives that A is 
at least 2n — 8, and equality holds if 6|n. 

Combining this gives if 6|n the rank: 

r = h 2 - A - p^iv = 6n - 2 - (2n - 8) - (4n + 2) = 4. 

B.6. 2a. Previously we found that the curves £f£, Ef n , E%%, E$*, Ef/ and E* h 
are all fc-equivalcnt. We will only have to compute the maximal rank of the family 
of curves E 2a . The curve E 2a is defined by: 

/ = (l + t n )X + X 3 + Y 2 =0. 

This is already in short Weierstrass form so we can easily compute. 

A = -64(t" + l) 3 , and j = 1728. 

From here we will assume 4|n. In this case the corresponding elliptic surfaces has 
n singular fibres of type III and no other singular fibres. This gives p tr i V = 2 + n. 
The second Betti number will be h 2 = in — 2. 

We use Shioda's method to find A. Homogenizing / gives: 

XZ n + XT n + X 3 Z n - 2 + Y 2 Z n - 1 = 0. 



6 3 2 m m 
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From this we can compute generators for L: 



,311, ,11 

Vl = "7'°' 7' o ' «2= -,~,0,0 . 
4 4 2 n n 



It can be easily seen that iv 2 ,2vi + iv 2 A. We now have to determine when 

4 ' m ' 4 ' 2 / 



«i + iv 2 e A. Write + iv 2 ) = (™ — t> _ m' 3> D' wnere J, TO are minimal such 



that j/m = i/n. Now compute 



2 if * = 1 mod 4 and {^} < § 

1 if t = 1 mod 4 and {^}> | 

3 if t = 3 mod 4 and {^} < ± 

2 if t = 3 mod 4 and {^} > ± 



4 

This means that v\ + iv 2 A precisely when m e {1, 2, 3, 4} or when m e {8, 12, 24} 
and j = 1 mod 4. For 3«i + i«2 we get a similar result. This gives that A is at 
least 2n — 28, and equality holds if 2A\n. 

Combining the we find that if 24 \n the rank: 

r = h 2 -X- p triv = 3n - 2 - (2n - 28) - (n + 2) = 24. 

B.7. 2b. Previously we proved that the curves E 2b , E 2d , E^ c , E^ 9 and E% are 
fc-isogenous, and as such have the same rank. We will compute the maximal rank 
of the family of curves E 2 ^. The curve E 2b is given by 

f = t n X + X 2 + X 3 + Y 2 = 0. 

In short Weierstrass form this curve is given by: 

From this we can compute: 

A = -64* 3 " + 16i 2 ™, and j = 256^ 5-. 

From here on we will assume that 4|n. In this case the corresponding elliptic surface 
has n singular fibres of type Ii, one singular fibre of type \ 2n and no other singular 
fibres. This gives ptriv = 2n + 1. The second Betti number is given by h 2 = 3n — 2. 
We use Shioda's method to find A. Homogenizing / gives: 

XT n + X 2 z n-1 + X 3 z n-2 + y 2 = q 

This gives generators for L: 

lb ,12 1, 

,1 = (0,-^,0,-), ^ = (--,-,--,0). 

It is easily seen that iv 2 A. For v\ + iv 2 we write t(v\ + iv 2 ) = (—^,2^ — 

2' m' 2' 



- — — -,). Here j,m are minimal such that j/m = i/n. We can compute: 



3 ifl^K^ 



1 

3 



{--} + {2 J -- t -} + {- ] -} + { t -}=\ 2 ifi m <{*4< 
m S 2 S m S V j x a |< jgj 

This means that i>i + W2 A precisely when m e {1, 2, 3, 4}. This gives that A is at 
least n — 6, and equality holds if 12 |n. 
It follows that if 12\n the rank is: 

r = h 2 - A - p triv = 3n - 2 - (n - 6) - (2n + 1) = 3. 
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B.8. 2e. The curves E 2e and are isomorphic, as such they have the same rank. 
We will compute the maximal rank of the family E 2e . The curve E 2e is defined by: 

/ = X + X 3 + (1 + t n )Y 2 = 0. 

In short Weierstrass form this gives: 

V 2 + f + (t n + 1) 2 £ = 0. 

For this curve we can compute: 

A = -64(1 + t n f, and j = 1728. 

We will from here on assume that 2\n. In that case the corresponding elliptic 
surface has n singular fibres of type I* and no other singular fibres. This gives 
Ptriv = 4n + 2. The second Betti number can be determined h 2 = 6n — 2. 
We use Shioda's method to find A. Homogenizing / gives: 

XZ n+i + x 3 Z n - x + Y 2 Z n + Y 2 T n = 0. 
This gives as generators for L: 

«i = ( i , 4,3,0), v 2 = (0,0, -,--). 

It is easy to see that iv 2 ,2vi + iv 2 $ A. Write t(vi + iv 2 ) = (f, 3, „ + §,-££), 
where j, m are minimal such that j/m = i/n. We can compute 



2 if t = 1 mod 4 and {^} < ± 

1 if t = 1 mod4and{^}>i 

3 if* = 3 mod4andi>{^} 

2 if* = 3 mod 4 and ± < {^} 



This means that v\ + iv 2 $ A precisely when me {1, 2} or when m e {4, 12} and 
j = 1 mod 4. 

For 3«i + i«2 we get a similar result. Now it follows that A is at least 2n — 10, 
and equality holds if 12|n. We conclude that if 12|n the rank of our curve is: 

r = h 2 -\- p triv = 6n - 2 - (2n - 10) - (An + 2) = 6. 

B.9. 3d. The curves E^/ and E 3d are isogenous, as such they have the same rank. 
We will now compute the maximal rank of the family of curves E 3d . The curve E 3d 
is given by: 

f = Y + t n XY + X 3 + Y 2 = 0. 
Bringing this in short Weierstrass form gives: 

if + f 3 - (—t in + V)£ - 1 - — t 3n - —t 6n = 0. 
' q M8 2 Jq 4 24 864 

For this form we compute the invariants: 

A = -(** + 27), andi^- ^ 3 + 24 9 7 . 
v n j t 3n + 27 

This has 3n singular fibres of type Ii, one singular fibre of type Ig„. From this 
we can compute p tr i V = 9n + 1. The second Betti number can also be determined 
h 2 = Yin - 2. 

We use Shioda's method to find A. Homogenizing / gives: 
YZ n+1 + T n XY + X 3 Z n ~ 1 + Y 2 Z n = 0. 
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Using this we can find that L is generated by: 

, 1 11 



1 



in ' n ' 3n ' 3n 



> jt jt jt 



It has to determine whether iv\ e A or not. Write t(ivi) = (.-,. 
j, to are minimal such that j/m = i/3n. We can compute 



). Here 




This means that i«i $ A precisely when me {1, 2, 3}. This gives that A is at least 
3n — 4, and equality holds if n is even. We conclude that for even n the rank will 
be: 

r = h 2 - A - ptriv = 12n - 2 - (3n - 4) - (9n + 1) = 1. 

B.10. 11. We will determine the maximal rank of curves of the family E^ 1 . The 
curve E^ 1 is given by. 



f = t n + XY 2 + X 3 + Y 2 



0. 



We will for our calculation assume that 6\n. In this case we use ideas from [5J Ch. 
8 1 to find that the short Wcierstrass form becomes: 



n 2 + £ 3 - 3r/ 3 £ + l + f 
This has the following invariants: 

A = -432(1 - t n ) 2 and j = - 



= 0. 

6912t" 
'(l-t n ) 2 ' 



The corresponding surface has exactly n singular fibres all of type I2. It follows 
that ptriv = n + 2. The second Betti number in this case is h 2 = 2n — 2. 
We use Shioda's method to find A. Homogenizing / gives: 



T n + XY 2 z n-3 + X 3 Z n ~ 3 

From here we compute generators for L: 

1 1 



+ y 2 Z n - 2 



0. 



2 2 n n n n 

It is easily seen that iv2,$ A. For vi + W2 we write t{v\ + 1V2) = (- 



jt 



6' J m' 3 

can compute: 



jt 



+ 3 — ). Here j,m are minimal such that j/m = i/n — 1/6. We 



jt 
m 



- 2t jt 1 
J + m> 



.t jt, 
-+3-i 

2 TO' 



3 


if t = 


1 


mod 6 and {^} 


<i 




2 


if t = 


1 


mod 6 and s < 

6 


{^} 


< 


1 


if t = 


1 


mod 6 and | < 


{-} 


< 


2 


if is 


1 


mod 6 and | < 


{^} 




2 


if i = 


5 


mod 6 and {^} 
mod 6 and 3 < 


<3" 




3 


if t = 


5 


{-} 
I in > 


< 


2 


if t = 


5 


mod 6 and \ < 


{-} 


< 


1 


if i = 


5 


mod 6 and | < 

6 


ftjLX 
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This means that v\ + ivz $ A precisely when m e {1,2,3,4,6}. or when m e 
{12,24,60} and j = 2 mod 3. This gives that A is at least n — 22, and equality 
holds if 120|n. Combining these results gives if 120|n: 

r = h 2 — X — p trm = 2n - 2 - (n - 22) - (n + 2) = 18. 

B.ll. 12. Finally we will look at the family E^ 2 . This family consists of elliptic 
curves in the Edwards form. The curve E^ 2 is given by: 

/ = t n + X 2 + Y 2 + X 2 Y 2 = 0. 

Using ideas from [2j Ch. 8 ] we reduce this curve to short Weierstrass form. This 
gives: 

1 14 1 9 99 99 9 

' 5 K 3 3 3 ^ 27 9 9 27 
For this we compute the invariants: 

fl _|_ 14+" + +2n\3 

A = -256^(1 - t n )\ and j = -16 1 + A ■ 

We will for the rest of this calculation assume that n is even. The surface now has 
n singular fibres of type I4, 2 singular fibres of type I„ and no other singular fibres. 
This gives ptriv = 5n. From here on we will assume that n is even. Under this 
assumption the second Betti number is h 2 = 6n — 2. 

We use Shioda's method to find A. Homogenizing / gives: 

T n + X 2 Z n - 2 + Y 2 Z n - 2 + X 2 Y 2 Z n - 4 = 0. 

This gives the following generators for L: 

11, ,11, ,1111, 

«i= 0,0,-,- , v 2 = 0,-,0,- , v 3 = - _,— . 

2 2 2 2 n n n n 

It turns out that iv^, v\ + ivs, v-i + W3 $ A. Write t(v\ + V2 + W3) = (— ^- , ^ + 
5, + I' — m)' wnere J) m are minimal such that j/m = i/n. Now compute 
, jt, f jt t, f jt t, . ji. ( 1 if i < {^} 
{ -^ } + ^ + 2 } + ^ + 2 } + { -^ = { 3 if { V< ± 

This means that v\ + v 2 + iv 3 ^ A precisely when m e {1, 2}. This gives that A is at 
least n — 2, and equality holds if 2\n. 
Combining the results gives for even n: 

r = h 2 — A — ptriv = 6n — 2 — (n — 2) — 5n = 0. 
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